North Dakota Mathematics Talent Search 2005-2006
Problem Set 3 — Solutions

1. Find two disjoint subsets A and B of the set of positive rationals Q7 such that
AUB=Q! and B = {2y | z,y € A}.

Solution: For example, let

A={zeQ} |v=p"p5*...p5" k € N,py,...,ps primes,
ay, Q... € Z,ag + g + ...+ oy odd}

and

B :={recQ |z =p7"ps?*...py*, k € N,py1,...,py primes,
a1,Q0 ... €Z,a1 + s + ...+ a even}.

Note that B = QF \ X.
We also have B = {zy | z,y € A}. Indeed, if a; + as + ... + a4 is even, then

(e % a1—1 _ _as

prips? . ot = pr - (p7T Py ... pi*) and the inclusion C follows. The other
inclusion is immediate.

2. For each integer n > 2, denote by p(n) the greatest prime number less than or
equal to n, and by ¢(n) the smallest prime number strictly greater than n.

n

(a) Prove that S(n) = Z oa0h) <3

(b) Prove that is an integer.
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Solution: (a) Let 7 denote the k-th prime number (r; = 2). Note that for
r; < j < iy we have p(j) = r; and ¢(j) = rip1. Then we have

1
S(TL) :;W (1)
1

1
=(rg—1r)—+(rg—ry)— +...+(n+1—1)
172 TraT3 TtTt41

(2)

where ry < n < 7ryqq.

On the other hand, the sum in (??) is bounded above by
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and the conclusion follows.

(b) Since 2011 is prime, we have r;1; = 2011 and from (??) we obtain

1 1 1
S(2010) = — —_— — e 2011 —
( ) (TQ Tl)rlrg + (TS TQ)?”Q?“g + + ( Tt)rt . 2011
B 1 1
2 2011
2
and hence ——— = 2011.
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. Find all the positive integers n with the property that there exist integers a, b with
n?=a+band n® = a® + 1°.

Solution: We have 2n3 = 2a? + 2b*> > (a + b)*> = n*, and hence n < 2. For n =1
note that we have 1 +0 = 12 and 12 + 0% = 13, and for n = 2 we have 2 + 2 = 22
and 22 4 22 = 23. So both n = 1 and n = 2 are solutions to the problem.



