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Problem Set 2—Solutions

. Find the remainder obtained when we divide N = 602 4 619 + . + 629 by 43,

Solution: Note that N = 6'0% + 6'9 4 ... 4+ 62°°¢ = 6'92(1 + 6 + 6%) + 6'°(1 +
6 +62) + ...+ 6201 + 6+ 62) = (6102 + 6% + ... 4 62094) . 43, and hence N is
divisible by 43, i.e., the remainder is 0.
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. Let x be a real number such that = + — is an integer. Prove that z° + — is also
x x

an integer.
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Solution: Let z = x+— € Z. Then 22 = 2>+ —=+2 and 2° = x3+—+3<x—l——>,
T x2 x3 x
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and hence (2*—2)(2°—3z) = <x2+—2> <az3—|——3> = 2°+—+x+—, or equivalently,
T x x T

z° + — = (2 — 2)(2° — 32) — z, which is an integer.
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. Consider the polynomial P(X) = 3X?+ 3mX + m? — 1, where m is a fixed real
number, and let a,b be the solutions of the equation P(X) = 0. Prove that
P(a®) = P(1?).

Solution: P(a®) — P(b%) = 3(a® — b°) + 3m(a® — b%) = 3(a® — b*)(a® + b* + m).
On the other hand, since a +b = —m and ab = (m? — 1)/3, we have a® + 1* =
(a+0)3 —3ab(a+b) = —m3+m(m? — 1) = —m, and therefore P(a®) — P(b%) = 0.

. Let n be an integer greater than 1. Prove that 3"+5" is not divisible by 37~ +5"~1,

Solution: Note that for n > 1 we have 3" +5" = 4(3" ! 4577 1) 4 (5771 —3771) >
4(3" 15771, Similarly, for n > 1, we also have 3"+5" = 5(3"~1+5""1)—2.571 <
5(3"~! + 5771, Hence, for n > 1,
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and therefore 0 o cannot be an integer.
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let S=—=+—=+...+—=. P that S < —.
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Solution: For every n > 2 we have — < = — —, and hence
n?> nn—-1 n—-1 n
S= oot +1<<1 1>+<1 1)+ +(1 1)
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